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Problem 3.9. Let ABC'D be a quadrilateral. Let J and I be the mid-
points of the diagonals AC' and BD, respectively. Let the perpendicular
DG to BC (G € BC) intersect the perpendicular CH to AD (H € AD)
at the point K. The perpendicular BF' to AD (F € AD) intersects the
perpendicular AE to BC' (E € BC') at the point L. Prove that KL 1 JI.

Solution. Consider the cir-
cle k; with diameter AC' and
the circle ko with diameter BD.

Their centers are I and J,
respectively.  We have that
KG.KD = KC.HK because
the quadrilateral DCGH is
cyclic. Therefore, the point K
lies on the radical axis of k;
and ks.

But the same statement is
also true for L because the
quadrilateral ABEF is cyclic,
leading to LB.LF = LA.LE.

We know that the radical axis of two circles is always perpendicular to
the line that connects their centers, and thus KL 1 JI.




Problems 3.11 and 3.12. (Simson line) Let ABC be a triangle with

circumcircle k. An arbitrary point D is chosen on the arc AB of k£ which
does not contain C. The points E, F' and G lie on CA, AB and BC,
respectively, and are chosen such that ZAED = ZAFD = Z/BGD = .
Prove that the points E, F' and G are collinear.

C

Solution. Using the equal an-
gles, it is easy to show that the
quadrilaterals ADBC, ADFE,
BFDG and EDGC' are cyclic.

Now we have

LEFG =/FEFD+/DFG
=180°—-4ZDAE+ /ZDBG
=/DBC+/ZDBG
=180°.

Therefore, the points F, F' and
G are collinear.

Note. When ¢ = 90°, the construction represents the classic Simson
line. We proved the generalization of 3.11, which is 3.12.



Problem 4.1.4. Let ABC be a triangle. Let P be an arbitrary point
on the smaller arc AB of the circumcircle of AABC. The projections of
P onto AC' and AB are X and Y, respectively. The points M and N are
the midpoints of BC' and XY, respectively. Prove that ZPN M = 90°.

Solution. Let K be the projection of P onto BC'. Then the points X,
Y and K lie on the Simson line of P (Problem 3.11). It suffices to prove
that the quadrilateral PN M K is cyclic.

C

P

We show that APYX ~ APBC. We have /PXY = ZPAY =
/ZPCB and ZXPY = /XAY = ZCPB.

Now the similarity follows and hence /PNK = /PM K because PN

and PM are respective medians in these triangles.
Therefore, the quadrilateral PN M K is cyclic.



Problem 4.3.21. Let ABC be a triangle with angle bisectors AM
and BN, intersecting at the point /. Points L and K are chosen on
the line AB, such that LN and C'N are symmetric with respect to BN,
and such that CM and KM are symmetric with respect to AM. Let
D =LNNKM. Prove that DI 1 AB.

Solution. The symmetry with respect to BN gives /BLN = ZBCN,
and the symmetry with respect to AM gives ZAKM = ZACM. There-
fore, ALK D is isosceles.

Since [ is the K-excenter of ABK M, we deduce that KT is the angle
bisector of ZLK D.

Analogously, LI is the angle bisector of /K LD. Therefore, I is the
incenter of the isosceles ALK D, which implies that DI 1. AB.

D




Problem 4.5.7. Let ABC be a triangle. Let its incircle touch the
sides BC', CA and AB at the points F', E and D, respectively. Let
its C-excircle touch the lines BC, CA and AB at the points ), P and
M, respectively. Let MN (N € PQ) be an altitude in APM@Q, and let
DH (D € EF) be an altitude in AEDF. Prove that ZACN = Z/BCH.

Solution. It is enough to prove that

sin ZPCN _sin LFCH
sin /ZNCQ sinZHCE'

We have that

/DEF = 90° — g /DFE = 90° — %

Hence, /ZEDH = g and ZHDF =

Observe that AMPN = g and

| o

. P J

/MQN = % Hence, /PMN = 90° — g /NMQ = 90° — % and

by the law of sines we get

sin/ZPCN PN CQ PN MN
sin/ZNCQ NQ CP NM NQ
B, «a DH HF HF EC sin/FCH

= t—t —_ = . = . — .
5% S T HE DH  HE FC  sinZHCE




Problem 4.8.14 Let ABC be a triangle. The points N and M are
chosen on the sides AC' and BC| respectively, so that ABM N is cyclic.
Let AM " BN = D and CD N AB = P. Denote the midpoint of the
segment AB by (). Prove that the quadrilateral M NQP is cyclic.

Solution. Without loss of C
generality, let AC' > BC'. De-
note ABNMN = X. Then B
is between X and A.

Menelaus’ Theorem, ap-
plied to AABC and the points
N, M and X, gives

AX AN CM
BX NC MB’

Ceva’s Theorem, applied to
ANABC and the points P, M and N, gives

AP AN CM _ AX

BP  NC'MB BX'
. AX _ . AP )
Note that since X > 1, the inequality 5P > 1 holds, and so P is
between () and B.
We have that XA.XB = XM.XN, and so it suffices to show that
XAXB=XPXQ.

Let AQ = a+b, QP = a, PB = b and XB = ¢. Then we have
2a+b 2a+2b+c

b c

Equivalently, (b+c¢)(a+b+c¢) = ¢(2a+ 2b+ ¢). Therefore, X P.XQ) =
XAXB.

, which implies ac = ab + b>.




Problem 4.11.4. Let ABC be a triangle with circumcenter O and
ZACB = 60°. Let AA; (A; € BC) and BB, (By € AC) be altitudes in
the triangle, intersecting at the point H. The line OH intersects the lines
AC and BC' at the points P and (). Prove that APQC' is equilateral.

Solution. We have that ZAOB = ZAHB = 120°, so the quadrilateral
ABHO is cyclic. Also, ZBAO = 30°, thus ZAHO = 30°.

Note that ZAHB; = 60°. Therefore, Z/B{HP = 30°, which implies
that ZQPC = 60° and that APQC' is equilateral.




Problem 5.1.1. Let ABCD be a parallelogram. Let E be the mid-
point of AB and let F' be the foot of the perpendicular from D to the line
EC. Prove that AF = AD.

P

Solution. Let CEN DA = P. Since DC = 2AFE and DC || AE, we
have that AF is a midsegment in APC'D. Hence, AP = AD and thus AF
is the median to the hypotenuse in the right-angled APFD. We deduce
that AF = AP = AD.



Problem 5.3.1. Let ABCD be a square and let E be a point on the
segment BC. The square BK F'E is constructed, such that it is external
to ABCD. Let AENCK = M and KENAC = N. Prove that the points
D, N, M and F' are collinear.

.
A B K

Solution. We have AB = BC and BE = BK. Hence, NABFE =
ACBK. Thus, Z/BCK = ZBAM. This implies that the quadrilateral
ABMC is cyclic, which yields ZAMK = ZCBA = 90°.

Also, /ZEFK = ZEMK = 90°, so the quadrilateral EM F K is cyclic.
Since CE | AK and AE | CK, the point F is the orthocenter of AAKC,
which yields ZANK = 90°. Consequently, the quadrilateral AKMN is
cyclic.

Now, LZNMA = ZNKA = 45° = ZFEKF = 180° — ZEMF implies
that the points N, M and F are collinear. We have that N M is the radical
axis of the circumcircles of AKMN and MENC.

It suffices to show that D also lies on this radical axis. We have
/DCN = 45° = /BEK = ZNEC = ZCMN. Thus, DC touches the
circumecircle of ACNM.

Also, ZDAN = 45° = ZNKA and DA touches the circumcircle of
ANKA. Therefore, the point D has equal powers with respect to these
two circles.
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Problem 5.4.12. Let ABCD be a circumscribed quadrilateral with
incircle k£ with center I. Let ABCD be also inscribed in a circle k. Let &
touch AB, BC, C'D and DA at the points M, N, P and @, respectively.

Prove that M P 1 NQ.

Solution. We have

L(MP,NQ) =
PN +QM
——
_ZPIN + £QIM
B 2

~360° - ZDAB - Z/DCB

2

But we know that

£LDCB+ ZDAB = 180°.

Hence, Z(M P, NQ) = 90°.

ky
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Problem 5.7.4. Let ABCD be a cyclic quadrilateral. Let M, N,
P and @ be the midpoints of AB, BC, CD and DA, respectively. The
points Hy, Hy, H3 and H, are the feet of the perpendiculars from M, N,
P and @ to CD, DA, AB and BC, respectively. Prove that the lines
MH,, NHy, PH3 and (JH, are concurrent.

Solution. Midsegments give
that PN is parallel and equal
to M@Q.

Therefore, the quadrilat-
eral PNM(Q is a parallelo-

gram. Denote the circumcenter

of ABC'D by O.

Now we have that OP L
CD, ON 1 BC, OM 1 AB
and OQ L AD.

If MH, N PH3; = X, then
the quadrilateral POMX is a
parallelogram. Thus, the mid-
point of OX coincides with the midpoint of PM, which coincides with the
midpoint of N@. Hence, the quadrilateral ON X @ is also a parallelogram.
Consequently, NX 1 AD and QX 1 BC, which gives QH; N NH; = X.




Problem 6.1.8. Let k; and ky be circles that touch another circle
k internally at the points A and B, respectively. Let ky N ky = {C, D}.
Prove that the intersection point L of the angle bisectors of ZC'AD and
ZCBD lies on CD.

Solution. The angle bisector
theorem, applied to AAC'D and

ABCD, yields that it suffices to
how that A—C _be
show that —— = ——.

Let E be the intersection
point of the tangent lines to k at
A and B. Observe that E lies

on the radical axis of k; and k.
Hence, E € CD.

Note that AEFAC ~ ANEDA
and AEBC ~ AEDB.

Thus,

AC AE BE BC
AD ED ED BD’
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Problem 6.2.2. Let k, k; and ks be circles with radii r, r; and 7y,
respectively. The circles k; and ko do not intersect each other and they
touch k internally at the points A and B, respectively. The tangent lines
AC and AD from A to ke (C,D € ky) intersect k; at the points M and
N, respectively. The tangent lines BE and BF from B to ki (E, F € ki)
intersect ky at the points @ and P, respectively. Let r’ be the radius of
the circle that touches the segments AM and AN, and the arc M N of k.
Let r” be the radius of the circle that touches the segments BP and BQ,
and the arc PQ of k. Prove that ' = »".

Solution. Consider the
homothety centered at A
that sends k; to k. It sends
the incircle of the curvilin-

ear triangle AN M to ko and
r! r

hence — = —, so 1 =
T2 r

T1.T9

,
Analogously, consider-

ing the homothety centered
at B that sends ks to k, we
get

r1.T9
r’ = =7,
T
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Problem 6.4.3. (The butterfly theorem) Let ABCD be a quadrilat-
eral inscribed in a circle with center O. The diagonals of ABC D intersect
at the point E. A line perpendicular to FO at E intersects AD and BC
at the points P and @), respectively. Prove that PE = QF.

Solution. Note that /ZDAE = ZCBFE and ZAED = ZBEC'. Hence,
ANAED ~ ABEC. Denote the midpoints of AD and BC' by M and N,

respectively. Then EM and EN are the corresponding medians of the
similar triangles AADE and ABCFE. Thus, ZEMD = ZENC.

On the other hand, OM 1L AD. Hence, OM PF is cyclicand ZDME =
/PMFE = /POE. Analogously, /ZEOQ = ZCNE. We have /DME =
/ZCNFE and thus ZPOFE = ZQOE.

We obtained that the line OF is both an altitude and an angle bisector
in APOQ. Hence, it is a median as well.
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Problem 6.4.5. Let ABC be a triangle. Let k(O) be the circumcircle
of the triangle and let D be the reflection of C' with respect to O. The
tangent line to k at the point D intersects AB at the point E. Let OF
intersect AC' and BC' at the points F' and P, respectively. Prove that
FO = OP.

Solution. Let F' € AC be ¢
a point, such that F'D || BC.

Let P’ € BC be a point, such
that DP’ || AC. Then clearly
the quadrilateral DF'CP’ is a
parallelogram and the point O
bisects its diagonals.

Let 'PPNAB =FE'".

We will prove that the E .-~
point E coincides with the -~
point E’, which will lead us to
P = P and ' = F’, so the D
desired statement will follow.

We have that CD = 2R, ZF'CD = ZCDP' = 90° — 3, ZP'CD =
ZCDF'"=90° — a and by the law of sines,

CF 2R.cos 04’ op — 2R'cosﬁ‘
sin sin
Therefore,
2R 2R
AF' =b—CF' = = (sinﬁsinv—cosa):M
sin y sin y
2R 2R
BP =a—-CP = = (sinozsinv—cosﬁ):M.
sin y sin y

Menelaus’ Theorem, applied to AABC and the line P'F’, yields

2R cos accos 7y 2R cos «
BE' sin sin B cos®
E'A~  2RcosB  2RcosfBcosy  cos?f3’

sin 7y sin y
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On the other hand, we have that /FAD = /ZEDB = 90° 4+ «. Also,
/ABD = ZADFE = 90° — 3. The law of sines, applied to AFAD and
AEBD, yields

BE  sin/BDE sin/EAD cos’a  BE
FEA  sin/ZADE sinZABD  cos?f  E'A

Hence, E = E’', as required.

Problem 6.7.2. The points A, B, C' and D lie on a circle with
diameter AB. The tangent lines to the circle at the points C' and D
intersect each other at the point F. Let £ = AC N BD. Prove that
FE 1 AB.

F
Solution. Let H = FE N N\
AB.

Denote ZABD = « and
/BAC = (. Observe that
/ADB = ZACB = 90° and
/BAD = 90° — a = ZBDF. C
Analogously, ZACF = 90° — 3. D ‘\

o\"]

We obtain ZCED = ZAEB = E

180° — a — B. It follows from

the quadrilateral DECF that 4 o B
ZDFC = 2a + 28, which

means that

2(180° — ZCED) = /DFC.

Hence, FE lies on the circle centered at F’ with radius F'D. Thus, F'D =
FE. Therefore, /ZHEB = /DEF = /ZEDF =90° — a, ZHBD = « and
FE 1 AB.



Problem 6.7.9. Let ABC be a triangle with ZACB = 90°. The
tangent lines to the circumcircle of AABC at B and C' intersect each
other at the point R. Let P and N be the midpoints of BC' and the arc

AC, respectively. Denote the second intersection point of NP and the
circumcircle of AABC by Q. Prove that ZNQR = 90°.

B

Solution. Denote the midpoint of AB by M. Hence, M is the center
of the circumcircle of AABC, and the points M, P and R are collinear.
On the other hand, M N contains the midpoint of AC.

Hence, MN || BC and M P || AC, which means that ZNMP = 90°.

It suffices to show that the quadrilateral NMQR is cyclic.

Consider the inversion (M, MC'). We will prove that the images of N,
@ and R are collinear. Observe that I(N) = N, I(Q) = Q and I(R) = P

Since the points N, ) and P are collinear, we conclude that the points
N, @ and R lie on a circle that contains the center of the inversion M.
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Problems 6.10.7. Let k; and k5 be circles that intersect each other
at the points A and B. The tangent lines to k; and ks at A and B,
respectively, intersect at the point O. Let D € k; and C' € ky are points,
such that OD and OC' are the other tangent lines to k; and ko, respectively.
Prove that ZCOA = ZDOB.

Solution. Let the mapping
¢ be a composition of inversion

I(O,vVOA.OB) and symmetry

with respect to the angle bisec-
tor of ZAOB.

Then ¢(A) = B, p(B) = 4,
o(k1) = ko and p(ky) = k1, be-
cause k; gets transformed into a
circle that touches OB at B and
that passes through A.

Thus, ¢(OC) = OD, and so

the lines OC and OD are symmetric with respect to the angle bisector of
ZAOB, implying that ZCOA = ZDOB.




Problem 8.12. Let ABCDEF be a regular hexagon. The points M
and N are the midpoints of AB and DF', respectively. Prove that AMCN
is equilateral.

Solution. It is clear that AACFE
is equilateral. We have

2MC = AC + BC.

A +60° rotation of all vectors in
the above equality gives

27 — AE + AL,

A H P ‘B
where @ is the image of the vector M (% under a +60° rotat
E:B . we obtain 2@ = BD + A

Therefore, ACM N is equilateral.

ion. Since

e

MN.

—
= 2M N, whence q =
Another possible approach uses the fact that ACAM = ACEN.

19
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Problem 8.1.14. Let ABC be an equilateral triangle and let [ be
an arbitrary line through the vertex C'. Let P and @) be the feet of the

perpendiculars from A and B to [, respectively. If S is the midpoint of
AB, prove that APQS is equilateral.

Solution. Let M and N be
the midpoints of BC and AC, re- Q
spectively. Considering the mid-
segments and the fact that ABQC
and AAPC are right-angled, we
get that MQ = MB = MC =
MS =SN=AN=NC = NP.

Moreover,

ZCMQ =180° — 2/MCQ
= 180° — 2(120° — ZPCN)
= 2/PCN — 60°
— 120° — /PNC.

Hence, ZSM@Q = 120° + LCMQ = 240° — LZPNC = ZPNS. We
deduce that APNS =2 AQMS and PS = SQ. But ZPSQ = /ZNSM =
/ZNCM = 60° and therefore APQ.S is equilateral.
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Problem 9.21. Let ABC' be a triangle. The isosceles triangles BC'F
(BF = CF) and AEC (AE = CFE) are constructed externally, such that
LACE = ZBCF. The point D lies inside of AABC', such that AD = BD
and ZBAD = ZC'AE. Prove that DF = EA and DE = BF.

Solution. The problem conditions imply that AABD ~ ABCF ~

AE  AC
On the other hand, we have ZDAE = /ZBAC, which implies that
ANABC ~ AADE.

Analogously, ADBF ~ NABC. Hence, ADBF ~ AADE. This and
the equality AD = BD imply that actually ADBF = AADE. Therefore,
DF = FA and DE = BF.
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Problem 10.6. Let m™, n~ and p~ be three rays with a common
origin X. Let A € m and B € n. The line symmetric to AB with respect
to n intersects p at the point C'. The line symmetric to BC' with respect to p
intersects m at the point D. The line symmetric to C'D with respect to m
intersects n at the point E. Finally, the line symmetric to D E with respect
to n intersects p at the point F'. Prove that the line AF is symmetric to
both EF with respect to p and to AB with respect to m.

Solution. Let the line symmet-
ric to AB with respect to m inter-
sect p at the point F’. It suffices
to show that F' = F.

Recall that a point on an an-
gle bisector is equidistant from the
arms of the angle. We have

dist(X, AF') = dist(X, AB)

= dist(X, BC) = dist(X,CD)
— dist(X, DE) = dist(X, EF)

Let the projections of X onto the lines EF and AF’ be Hy and Hs,
respectively. Then X Hy, = X H;. We have

LHWFX =/ZXCB+ /ZXBC - ZXEF
=/XCD+ /ZXBA—-/ZXED
=/XCD+ /ZXDE — ZXAB
=/XCD+ /XDC — /XAF'
= /HyF'X.

Therefore, AXHF = AXH,F' which means that XF' = XF, or
F=Fr.



